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Abstract 

C/} We study the longitudinal dynamical structure factor S zz (q, uj) for the anisotropic spin-1/2 (XXZ) chain at finite magnetic field 
I t using bosonization. The leading irrelevant operators in the effective bosonic model stemming from band curvature describe boson 
decay processes and lead to a high-frequency tail and a finite width j q of the on-shell peak for S zz (q, to). We use the Bethe ansatz 
pH to show that -y q ~ q 2 for q -C 1 and to calculate the amplitudes of the leading irrelevant operators in the effective field theory. 
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1. Introduction 

The Hamiltonian of the XXZ spin chain is given by 

N 
3=1 

Here J is the exchange coupling, A the anisotropy, h a 
magnetic field and N the number of sites. The isotropic 
model (A = 1) has direct applications to compounds like 
Sr2Cu03 where copper-oxygen chains form along one crys- 
tal axis and the coupling between these chains is very weak 
making them effectively one dimensional. Furthermore, the 
system (JTJ) can be mapped exactly onto interacting spin- 
less fermions using the Jordan- Wigner transformation. In 
this language A parametrizes a nearest-neighbor density- 
density interaction and h becomes the chemical potential. 
The fermionic version of ([I]) is often used as a simple model 
for quantum wires [T] . 

The XXZ model is exactly solvable by means of Bethe 
Ansatz (BA). However, the calculation of correlation func- 
tion by BA is a difficult task and only limited results have 
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been obtained so far. On the other hand, it is known that the 
low-energy effective theory for the Hamiltonian {1} is just a 
free boson model. This so called Luttinger liquid Hamilto- 
nian Hll is obtained by linearizing the dispersion around 
the two Fermi points, going to the continuum limit and re- 
expressing the right- and left-moving fermions by bosons. 
Ignoring irrelevant operators this leads to 



H 



LL 



d.v 



(2) 



Here, 4>{x) is a bosonic field and II(x) its conjugated mo- 
mentum satisfying [(f>(x),H(y)] — iS(x — y). As a conse- 
quence of the linearized dispersion the Hamiltonian (J2]) is 
Lorentz invariant and a boson with momentum \q\ always 
carries energy lo = v\q\. In the following we will investigate 
corrections to ([2]) due to band curvature and consequences 
for the lineshape of the dynamical structure factor. 

2. The dynamical structure factor 

The longitudinal dynamical structure factor is defined by 
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Here S z — J2j S z e~ %q ^ and \a) is an eigenstate with en- 
ergy E a above the ground state energy. For a finite system, 
S zz (q, uj) at fixed q is a sum of (5-peaks at the energies of 
the eigenstates. In the thermodynamic limit N — > oo, the 
spectrum is continuous and S zz (q, uj) becomes a smooth 
function of to and q. Due to Lorentz invariance S zz (q, uj) = 
K \q\ 5 (uj — v \q\) for the Luttinger model 

For h 7^ particle-hole symmetry is broken and the 
leading irrelevant operators allowed by symmetry are the 
dimension-three operators ~ (d x 4>R,L) 3 - More precisely, we 
consider the following correction to ([2|) 
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dx < r\- 
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{d x (j>L) - [d x cj) l 



(dx4>L) 2 d x (j) R - (d x 4> R ) 2 d x (j> L 
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where 4>R,l are the right- and left-moving components of 
the bosonic field with <f> = (0l — 4>R)/y/2. This correction 
is the bosonized form of the leading band curvature term 
uj(q) — ±vq + q 2 /(2m) + Note, that (0| corresponds 
to interaction vertices allowing a boson to decay into two 
bosons. The ^-interaction allows for intermediate states 
with one right- and one left-moving boson, which together 
can carry small momentum but high energy uj 3> v\q\ 
thus giving rise to a high-energy tail in S zz (q, uj). The rj-- 
intcraction, on the other hand, will influence the on-shcll 
part uj ~ vq. If j q <C u> — v\q\ <C J, where 7 g is the width 
if the on-shcll peak, then the terms in ((3]) can be treated in 
perturbation theory and we find a high-frequency tail [2] 
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The parameters r)± can be related to the change in the 
velocity v and the Luttinger parameter K when vary- 
ing h and we find Ji]-(h ) = / 'Kv 2 (a + b/2)/6 and 
Jrj + (ho) = y / 2n/Kv 2 b/4: where a = v~ 1 dv/dh\i l= i l0 and 
b = K~ 1 dK j 'dh\h=h [!]• D uc to the integrability of the 
model it is possible to obtain v(h), K(h) for all anisotropies 
and fields by BA so that ([5|) does not contain any free 
parameters. In Fig. [1] this analytical result is compared to 
a BA calculation for a chain with N — 200 sites. 

Perturbation theory in on the other hand, produces 
terms which become increasingly singular at uj ~ vq. There- 
fore the whole series has to be summed up to produce a fi- 
nite result [3] . Here we only present BA results for the form 
factors F(q,u>) = (0\S z \a) (see ©) for uj - vq in Fig. H 
Note that the width 7 g of the on-shell peak for finite A is 
~ q 2 as in the free fermion case (A = 0) but the effective 
mass is renormalized. For finite A <C 1, Pustilnik et al. [4] 
have shown that S zz (q, uj) exhibits power laws at the upper 
and lower threshold of the on-shell peak with exponents de- 
pending on A and q. Their results are consistent with our 
numerical data shown in Fig. [2] 
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Fig. 1. Analytical result for the high-frequency tail J5jl (black solid 
line) compared to a BA calculation for a chain with N = 200 (red 
dots). Here A = 0.25 and the magnetization (s z ) = —0.1. 
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Fig. 2. Exact solution for F(q,uj) at the free fermion point A = 
compared to numerical BA data at A = 0.25 for different finite size 
systems with (s z ) = —0.1 in both cases. The effective mass in the 
free fermion case is given by m = ( J cos hp) -1 where kp is the Fermi 
momentum. For small finite A the effective mass can be obtained 
by BA and is given by m* = m/(l + 2A sin kp/n) [5[. 
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